NASA/CR—2004-212770

K 3}.,/.

%

Plasma Dispersion Function for the Kappa Distribution

J. J. Podesta

October 2004



The NASA STI Program Office ... in Profile

Since its founding, NASA has been dedicated to the
advancement of aeronautics and space science. The
NASA Scientific and Technical Information (STI)
Program Office plays a key part in helping NASA
maintain this important role.

The NASA STI Program Office is operated by
Langley Research Center, the lead center for
NASA’s scientific and technical information. The
NASA STI Program Office provides access to
the NASA STI Database, the largest collection of
aeronautical and space science STI in the world.
The Program Office is also NASA’s institutional
mechanism for disseminating the results of its
research and development activities. These results
are published by NASA in the NASA STI Report
Series, which includes the following report types:

e TECHNICAL PUBLICATION. Reports of
completed research or a major significant phase
of research that present the results of NASA pro-
grams and include extensive data or theoretical
analysis. Includes compilations of significant
scientific and technical data and information
deemed to be of continuing reference value.
NASA’s counterpart of peer-reviewed formal
professional papers but has less stringent limita-
tions on manuscript length and extent of graphic
presentations.

e TECHNICAL MEMORANDUM. Scientific
and technical findings that are preliminary or of
specialized interest, e.g., quick release reports,
working papers, and bibliographies that contain
minimal annotation. Does not contain extensive
analysis.

e CONTRACTOR REPORT. Scientific and techni-
cal findings by NASA-sponsored contractors and
grantees.

¢ CONFERENCE PUBLICATION. Collected
papers from scientific and technical conferences,
symposia, seminars, or other meetings sponsored
or cosponsored by NASA.

¢ SPECIAL PUBLICATION. Scientific, technical,
or historical information from NASA programs,
projects, and mission, often concerned with sub-
jects having substantial public interest.

e TECHNICAL TRANSLATION. English-language
translations of foreign scientific and technical ma-
terial pertinent to NASA’s mission.

Specialized services that complement the STI Pro-
gram Office’s diverse offerings include creating
custom thesauri, building customized databases,
organizing and publishing research results . . . even
providing videos.

For more information about the NASA STI Program
Office, see the following:

e Access the NASA STI Program Home Page at
http://www.sti.nasa.gov/STI-homepage.html

e E-mail your question via the Internet to
help@sti.nasa.gov

e Fax your question to the NASA Access Help Desk
at (301) 621-0134

e Telephone the NASA Access Help Desk at (301)
621-0390

e Write to:
NASA Access Help Desk
NASA Center for AeroSpace Information
7121 Standard Drive
Hanover, MD 21076-1320




NASA/CR—2004-212770

Plasma Dispersion Function for the Kappa Distribution

John J. Podesta,
Courant Institute of Mathematical Sciences, New York University, NY, and
NASA Goddard Space Flight Center, Greenbelt, MD

National Aeronautics and
Space Administration
Goddard Space Flight Center
Greenbelt, Maryland 20771

October 2004



Available from:

NASA Center for AeroSpace Information National Technical Information Service
7121 Standard Drive 5285 Port Royal Road
Hanover, MD 21076-1320 Springfield, VA 22161

Price Code: A17 Price Code: A10



J.J. Podesta—Plasma Dispersion Function for the Kappa Distribution 1

Abstract. The plasma dispersion function is computed for a homogeneous
isotropic plasma in which the particle velocities are distributed according
to a Kappa distribution. An ordinary differential equation is derived for
the plasma dispersion function and it is shown that the solution can be
written in terms of Gauss’ hypergeometric function in the form Z,(§) =
ik~ (k—1/2)F(1,2k, k+1,t), where t = (1+i&//k)/2. Using the extensive
theory of the hypergeometric function, various mathematical properties of the
plasma dispersion function are derived including symmetry relations, series
expansions, integral representations, and closed form expressions for integer
and half-integer values of k.

1 Introduction

Particle distribution functions with power law tails are frequently ob-
served in space plasmas throughout the solar system. In practice, they are
often modeled using Kappa distributions (defined below). The existence of
such nonthermal, non-Maxwellian distribution functions can have profound
effects on wave propagation and transport processes in these plasmas; effects
that are of significant interest in space physics. The kinetic theory of such
processes depends in an essential way on the plasma dielectric function and,
therefore, on the plasma dispersion function.

The purpose of this paper is to derive the plasma dispersion function
for the Kappa distribution in a new way and to investigate its mathemat-
ical properties. This function was derived independently by Summers and
Thorne! and by Chateau and Meyer-Vernet? for the special case where xk =
1,2,3,... It was later derived in the more general case x > 0 by Mace and
Hellberg.® These authors all used the technique of contour integration. The
approach taken here is different, being based instead on differential equations.

In order to be as consistent as possible with the formulation of the classical
plasma dispersion function, the definition given here is slightly different from
that of Summers and Thorne! and Mace and Hellberg.? To clarify the rea-
sons for doing this, the definition of the plasma dispersion function is briefly
derived from first principles. The resulting dispersion relation for plasma
waves, equation (29), is somewhat simplified in the present formulation.
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Section 2 gives a concise list of the main results of this paper. The
definition of the Kappa distribution is given in Section 3, and the definition
of the plasma dispersion function is given in Section 4. In Section 5, the
differential equation for the plasma dispersion function is derived and the
solution is expressed in terms of Gauss’ hypergeometric function. Symmetry
relations and series expansions are derived in Sections 6 and 7. Integral
representations are derived in Sections 8 and 9. Closed form expressions
for integer and half-integer values of x are derived in Sections 9 and 10,
respectively.

2 Summary of Results

The important properties of the plasma dispersion function are listed here
for easy reference. These properties are investigated in detail in the sections
that follow. Throughout this paper the power function z%, a € R, is defined
by its principal branch, that is, z* = r* exp(iad), where z = rexp(if), r > 0,
and —m < 0 <.

Plasma Dispersion Function

Zn(g):i(,;g%%)fﬂ[l,%,n+l,%(14—\;—%)}, k> 0. (1)

If kK = n is an integer, this function has a single pole of order n at the point
¢ = —iy/k. Otherwise, it is analytic with a branch cut from £ = —iy/k to
—100 along the negative imaginary axis.

Behavior Near £ = —i\/k

in'/2 T(k) P&\ :
Zu() ~ 35 ﬁm_%)(l—ﬁ) as € ——ivi  (2)

Symmetry Relations

Z(=€") = =1Z:(6)]". (3)

240+ 20 = ST (e ) (@)
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Integral Representations

Z.(6) = — %/m L1 i me) >0, )

where z = £//k,
2k — 1

Z(§) = —W(sz)*“ / (1+8)""at, z#—i. (6

Differential Equation

(& +r)Z!+2(k+ 1)EZ, + 262, = 0, (7)
K — 1/2

zivR =i R e = ®)

k(k+1)

Differentiation Formula

dz,. 2% — 1 kA1) 2
o2 F+( =) 5aﬂwl )

Closed Form Expression for k =n =1,2,3...

n—1

(n=3Tm) < Tm+n) (1—iz\""
40 =1 F((zn))Z (m! >( 2 ) | 1o
where z = £//n.

Closed Form Expression for kK = n + %

m=0

n

Z0(€) = 1 F(n+§){Zf(n+1—m)z(1+22>_m

(n+3)/2 T(n) D(n+ 3 —m)

m=1

(14 2%)n-1/2 {log (z + \/m> — %] } , (11)
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where z = ¢/y/kand n=1,2,3, ...

Series Expansion for |z| < 1

7€) = M i (L )

2k —1 26+1Y\ o 2k +1 26 +3Y\ 4
e () () () ) o
where z = £//k.

Series Expansion for |z| > 1

Zu(€) = %F(i(—i)%){l + z’tan(m)sgn[Re(z)]}(ZQ)’” (1 + %) h

_%%{1+<2/{1—3)$+<2/{1_3) (2;}_5)%+”'}’ (13)

where z = £/\/k, k # 5,2,2,..., and the function sgn[Re(z)] is defined by
equation (81).

3 Kappa Distribution

In the astrophysics and space physics literature, the isotropic Kappa dis-
tribution in three dimensions is defined by

02 D
fu(v) = Ag (1 + —2> , k>1/2, (14)

KU

where v = (v,, vy, v,) is the velocity vector, v = |v|, and vy is some charac-
teristic velocity. The normalization constant is

1 Tty 1T
A= R T k) PR Tt )

and is chosen such that

4 /000 fe(v)v?dv = 1. (16)
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The condition k > 1/2 is necessary for this integral to converge. The Kappa
distribution is closely related to the Beta distribution. In fact, the Beta func-
tion arises when computing the normalization factor A, and the statistical
moments. In the limit as k — o0, the Kappa distribution approaches the
well known Maxwell distribution e=*/%.

The velocity moments of the Kappa distribution are given by

o0 2 L3 (k — 2L
Wy =t [ o = 2y IO
0 VT ['(k — 5)
where n is an integer and 0 < n < 2(k — 1). For an arbitrary real power
n > 0, this integral is finite if and only if n < 2k — 1. In applications, the
equivalent temperature of an isotropic Kappa distribution is defined by the
relation

(17)

1 3
§m <U2> == §kBT (18)
which implies

1, K
k'BT = §mvo (/{——3/2) y (19)

where kp is Boltzmann’s constant. The second moment (v?) is finite if and
only if kK > 3/2.

4 Plasma Dispersion Function

In the Vlasov theory of plasma waves* the propagation of electrostatic
waves (having E || k) in a homogeneous isotropic plasma is governed by the
dispersion relation ¢,(k, s) = 0, where

e =1- 35 s [ Pl (20)

is the longitudinal dielectric function and SI units are used throughout. The
index a denotes the different particle species, w,, is the plasma frequency
for species «, k is the Fourier wavevector with magnitude k& = |k|, s is the
Laplace transform variable, and F,q is related to the particle distribution

function f.o by y
u) = /fao(v)é(u — ‘T|V> dv. (21)
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The distribution function f,o(v) is normalized to unity.

Spatial isotropy implies fo(v) = fo(v?), where v = |v|. After a rotation of
coordinates which aligns the v, direction with k, the last equation becomes

Foo(u) = //fao(vfC + 02 + u?) dugdu, (22)
=27 | T fao(v?)v dv (23)

and, therefore,
a;:jo = —271ufao(u?). (24)

It is usually the case that f,o has the functional form fu,o(v/vag), Where vag
is some characteristic velocity; consequently, F,o = Fo0(u/v40). Changing to
normalized velocity variables:

W= F(u') = vaoF (u)), or _ 1 or

— 25
Voo Ju  v2,ou’ (25)

the dispersion relation (20) can be written

w? 18
3 ) 2
2 20,7\ i) = © (26)

where, after dropping the primes on wu,

* OF /0 > F, d [*F,
Z’(a,g):/_ —ui/gudu:/_ (uf<g)>2du:d—£/_ uo_(?du (27)

and, by definition,

> Foolu

z09= [ T g >0 (25)
oo U —

is the plasma dispersion function. It is defined for Im(£) < 0 by analytic

continuation. Introducing the complex frequency w = is which is consistent

with Fourier modes of the form e'®*=“%) the plasma dispersion relation takes

the standard form?®

w2 w
1 ra Z’( ) —0. 2
2 i) = (29)
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If f,o is a Maxwell distribution

1 02 /02
fao(’U) = (71'1}8)3/26 / %, (30>

then the evaluation of (23) and (28) yields the well known plasma dispersion
function®

1 % p—u’
4(&) = — d I 0. 31
©O-7 [ > (31)
If f.0 is a Kappa distribution (14), then the evaluation of (23) and (28) yields
1 I'(k 1
Fao(u) ( )1 . (32)

T Vaky D(s— 1) (1T+w?/med)"

and

_ 1 T(x) o 1 "
20= = o wmgaraT e ®

This is the dispersion function for the isotropic Kappa distribution. It gen-
eralizes the well known result (31) for the isotropic Maxwell distribution.
It is different from the definition of Summers and Thorne! which was also
adopted by Mace and Hellberg.? These authors employ an exponent x + 1
rather than x in the integrand. Consequently, the function Z, () of Summers

and Thorne is more closely related to the derivative Z!(€) of the function
defined here.

5 Representation by Gauss’ Hypergeometric
Function

For purposes of mathematical manipulation, it is convenient to let x =
u/+/k in equation (33) and write

1 T(k) e 11 e Tm(s
Z“(@\/ﬁr(ﬁ—é)/_mum?)fc @ W) >0 (34)

where z = £/+/k. Therefore, the calculation of the plasma dispersion function
reduces to the evaluation of the integral

o 1 1
I= /_Oo A1 =2 dz, Im(z) > 0. (35)
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It easy to see that this integral converges for all kK > 0. There are two cases
to consider: the case where k > 0 is an integer, and the case when x > 0 is
not an integer. The solution in the first case was derived independently by
Chateau and Meyer-Vernet? and by Summers and Thorne.! The solution in
the second case was derived by Mace and Hellberg.? As will now be shown, the
solution for arbitrary x > 0 is easily obtained by first finding the differential
equation for I(z). This method of approach is an alternative to the method
of contour integration used by the above authors.

Differentiating equation (35) with respect to z yields

Y R S S
I(z)—/ e (36)

oo (L 22"

Multiplying this by z and then using the identity

1+ - , (37)

it follows that

> 1 x
I'+1= . dz. 38
dri= [ Grer e o
Differentiating this equation with respect to z, multiplying the result by z,
and then using the identity (37) yields

21" 4 4] 420 = / ! 22 (39)
) (L) (=23

Now differentiate (36) and add the result to the last equation to obtain

i 1 2
1+ 220" + 421 + 21 = : dz. 40
(14 291"+ 421" + /oo 0xa 1 G2 o (40)

Integrating the remaining integral by parts and comparing the result with
equation (38), the right hand side of (40) equals

o 1 x ,
ok —1) /_oo T o= e DEI D ()

Thus, the differential equation for I(z) is

(14 251"+ 2(k + 1)2I' + 2k = 0. (42)
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To obtain a unique solution, it is necessary to impose the initial conditions

I(z=1) = I, (43)
2K l]()
k+127

I'(z=1) = (44)

where [ is evaluated in Appendix A with the result

1
b= A (15)
Making the transformation "
iz
t= 5 (46)
the differential equation (42) takes the form
t(1—t)I"+ (k+1)(1 —2t)]' — 25 =0, (47)
where
I(t =0) = I, (48)
It =0) = jflzo. (49)

Equation (47) is now in the standard form of the well known hypergeometric
equation.

Recall that the solution of the hypergeometric equation
2(1=2)F"+c—(a+b+1)z]F' —abF =0 (50)

with initial conditions

F0) =1, (51)
() =2 (52)

is given by Gauss’ hypergeometric function F(a,b,c, z) = oFi(a,b, ¢, z). This
is a single valued analytic function of z in the complex plane with a branch
cut from 1 to oo along the positive real axis. For fixed z it is analytic in a,
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b, and c separately with the exception of simple poles at ¢ =0, —1,—2,... In
the unit disk it has the series representation

abz ala+1)b(b+1) 22

Flabc.z) =1 i
(a,5,¢,2) LT clc+1) 2! ’

2l < 1, (53)

which also shows that it is symmetric in a and b. The series terminates if a
orbe {0,—1,-2,...}, in which case F(a,b,c, z) is entire because it reduces
to a polynomial in z. The properties of the function F’ have been thoroughly
studied and documented. Therefore, for all intents and purposes it can be
considered to be a closed form function in the same way that sin(z) and
cos(z) are.

Choosing
a=1, b= 2k, c=k+1, (54)

equation (47) is equivalent to the hypergeometric equation (50); hence, the
unique solution of (47) is given by

D(r+5)
P(x+1)

Using (46), a closed form expression for the integral (35) is

P(r+3)
P(r+1)

which is valid for all Kk > 0, in fact, for Re(x) > 0. Substituting this into
(34), the plasma dispersion function is found to be

(e — L
2.9 =" P w11, (57

zlz—nzé(u\%). (58)

It is important to note that the function Z, (&) inherits all the properties of
F(a,b,c,z). Because F(a,b,c, z) has a branch cut from 1 to oo, the function
Z,(&) is single valued analytic with a branch cut from £ = —iy/k to £ = —ioco
along the negative imaginary axis. Here, the {-plane is the complex frequency

()—@\/_ F(1,2r,k + 1,1). (55)

1+iz>

1) = i (1 26,5+ 1, — (56)

where
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plane, £ = is/|k|vg, and the lower half plane consists of all the damped modes.

The behavior in the neighborhood of the singularity £ = —i4/k can be
obtained from the identity”

F(a,b,c,2) = (1 —2)*"F(c—a,c—b,c,2). (59)
This yields
F(1,2/{,KJ+ 1 HZ) - (1 _2i2>ﬂF<I€,1 ekl “Z) (60)
Using the formula”
Flabe1) = tOe=a=b) 1y (61)

I(c—a)l'(c—10)’

it follows that

1 —iz\~ 1+1iz I'(k+1D0(k) 720 (k+1)
< ) F<1,2l€,l€+ 1, 5 > = F(I)F(Qli) = 22;@711"(%_'_ %()62>

lim

Z——1

Therefore, one obtains the asymptotic relation

LG NSRS N Sy A

2O~ e -\ Uk

6 Symmetry Relations and Taylor Expansion

Using the well established theory of the hypergeometric function, the
properties of Z,(§) may be derived with little effort. From the series (53), it
is obvious that for a, b, and c real,

F(a,b,c,z*) = [F(a,b,c,2)] . (64)

Therefore, replacing £ with —¢£* in equations (57) and (58), it follows that

*

Z(—€") = —2.(9)]". (65)
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This relates the values of Z,(£) in the left half-plane to those in the right
half-plane. The classical dispersion function for the Maxwell distribution has
the same property.

From the identity®?

1+2 C(a+b+3)(3)
F(2a,2b,a+b+ 3 = 2= ~2-F(a,b, 1, 2°
(a, ,a+0+3, 5 ) F(a—i—%)f‘(b—l—%) (a, ,Q,z)
D(a+b+ (=)

F(a+3,b+1,22%) (66)

[(a)l'(b) e
one has
FL20, k41, ! —;zz> = \/’%F@,m, L2
+2kizF (1,5 + 3,3, -2%). (67)
Substituting the closed form expression’
F(a,b,b,z) = F(b,a,b,z) = (1 — 2)7¢, (68)

equation (67) takes the form

1+ T(k+1
F<1,2/<;,/<a+1, ”):\/E(”—l))(wz) +2mizF(1, 5+ 1,3, —2?).

2 F(I{ + 5
(69)
Multiplying this equation by the leading coefficient in equation (57) yields
r 2k — 1
2 = O g Pl L), ()

K1/2

<P =})

where z = £/4/k. Changing £ to —¢ (or z to —z) and adding the result to
the last equation yields the symmetry relation

Zu(€) + Zu(—€) = 2T (““) r (1+f ) . (71)

k12 T

This relates the values of Z, () in the upper half-plane to those in the lower
half-plane. In the limit as kK — 0o one recovers the symmetry relation

Z(€) + Z(—¢) = 2iv/me ® (72)
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for the Maxwellian dispersion function.

Using the series expansion (53) for F'(a, b, ¢, z), equation (70) immediately
yields the following series expansion valid for |z| < 1:
RV N ke
706 =i (—>1(1 +27%)

~ WP T(k— 1)

_%Z{H <2/<;1) (=) + <2n;1) (2/45+3> (_22)2+m}‘
(73)

Here, the even powers are neatly summed into the first term. If necessary, the
first term can be expanded using the binomial theorem. The series expansion
can also be written in the more compact form

Z,(6) = i Y7 L)

" WP Tk - 1)

T z “T(k+n+1/2 o\n
‘f&arm—%); Taram T Fl<L @

(14 2%)~"

however, the coefficients in (73) are much more explicit.

7 Series Expansion for Large z

Begin with the identity”

L)' —a) _ 1

F(a,b =< "  (—z)°F — l.a—b+1.=

(a’7 7672) F(b)r(c_a)( Z) a7a C+ JCL + 7Z
['(e)T'(a—b) b 1

Applying this to the last term in equation (69) yields
1412
F<1,2f<¢,/<a—|—1, 5 ) _

I'(k+1) 2\—k K 13 1

\/EF(/{‘I—%)(l—i_Z) _'_(/i—%)z F(17272_/€7_22)

\/— F(%_H> 2 7(n+1/2)F 1 1 1 76
+1 WﬁmZ(Z') <K+§,H,K+§,—;>. ( )
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In addition, using the identity (68), this simplifies to

B I(k+1)
> N ﬁl“(/-ﬁ; + 1)

2

14122
2

F(1,2/<a,/<a+1, (14 2%)7"

Using the reflection formula
T

z)ra-—-z) =
(B0 -2) = g (78)
the last equation takes the form
1+iz I'(k+1) _
F<1,2 , 1,—>: — (14 2H)7"
K, K+ 5 ﬁF(K+%)( + 27)

1K 1 13 1
+ z F(l,—,——m,——)
(k — % ) 272 52
: 'k+1) , 1\ "

+ Vi tan(rk) ————=z(z2) W2 (1 4 = . (79

In order to get the phases right special care must be taken when combining
the different power functions. This is because, for the principal branch of
the power function, it is not always true that (22)% = 2% or 202 = (2122)%.
However, using the identities

1\«
2048 = po 0 (1+2)*=2z“ (1 + —> , (80)
z
and

2(22)71% = sgn[Re(2)] = 1 i Re(x) <0 and arg(s) £ +7/2,

(81)

{—i—l if Re(z) >0 and arg(z)# —m/2

which are valid for all z # 0, equation (79) can be written

1+ ' 1
F(l,?li,lﬁ—l—l, +ZZ> = ml 2_1F<1,%,%—n,——>
2 (KZ— 5) Z2

M{l + z’tan(m@)sgn[Re(z)]}(22)7'{ (1 + i) h . (82)

T(k+ 1) 22

+
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It should be noted that for half-integer values of s the right-hand side is
undefined. Otherwise, this equation holds for all z # 0 in the complex plane
with a branch cut from —i to —ico along the negative imaginary axis. For
|z] > 1, the hypergeometric function on the right-hand side of (82) can be
expanded using the series (53) to obtain the expansion

F<1,2;m+ 1 J;ZZ> —~
Vr—==~ E ; {1 + itan(mf)sgn[Re(Zﬂ}(22)_5 (1 + ;)

’ (ni—ﬁéé{H%i <_$> +<%—i).(§—n) <‘$>2+'“}’ (83)

|z| > 1. The factor sgn[Re(z)| ensures that the right-hand side is continuous
throughout the upper half plane. This expansion can be arrived at inde-
pendently using the theory of Laplace transforms as shown in Appendix B.
Substituting (83) into (57) yields

Zj: P(F(i)é) {1 + z‘tan(ﬂ/f)sgn[Re(z)]}(22)_5 (1 ' _) X

‘%é{”gi<‘z_12>+<3—i>'<§—m> <‘i>+} e

which is valid for |z| > 1 and x # % > 2, 2, ... It is important to note that this
expansion is exact, not just asymptotic.

Zl'i(é-)

8 Integration of the Differential Equation

The differential equation (42) can be written in the symmetric form

jz{(1+ ) ;i[(lan)](z)}}:O, (85)

This has the first integral

(1+ ZQ)l_Ndi [(1 + 22)RI(Z)} = C,, (86)

z
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where

- o 1 o 7TF(/H—%)
C, = 2ﬁ;/oo—(1+x2)n+ld = ~2/Aps (87)

Equations (86) and (87) can be verified by substituting (35) into (86), car-
rying out the differentiation, and then using integration by parts and the
identity (37). Therefore, the solution can be written

I(z) = Co(1+2%) / (1+2)" " at, (88)

where the lower limit of integration is chosen such that

lziir% I(z) = zﬁ% (89)

If k = 1/2, the integral (88) has the closed form solution

I(z) = —2(1+22) ' {sinh_l(z) - ”ﬂ , (90)

where

sinh™(z) = /0 (1+—;)1/2 dt. (91)

Equivalently, this can be written
sinh ™ (z) = log <Z +vV22+ 1), (92)

where log(z) is the principal branch of the logarithm. Substituting the result
(88) into (34), the plasma dispersion function can be written

Z.(&) = —2;721 (1+2%)7" / (143" dt, (93)

where z = £/4/k. This holds in both the upper and lower half planes and
therefore represents the analytic continuation of Z,.
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9 Solutions for Half-Integer Values: kK = n—|—%
Setting kK = n + % in equation (69) yields

F(n+%) 2\—n—1/2
CEEIL S A

+ (2n+ 1)izF(1L,n+1,3,-2%). (94)

1
F(l %, K+ 1, 2“’) —Jr

By repeated application of the identity”
(b—a)(1—2)F(a,b,c,z) = (c—a)F(a—1,b,¢,2)—(c—=b)F(a,b—1,¢,2) (95)

one may prove the formula

n

1ZF(”+1—m) L(n+3)

F(ln+1,3, —2%) ==
2 24~ T'(n+1) L(n+ 3 —m)

1 r(1) Pty
2T (n+1) T(2)

2

(142%™

(14 2*)7"F(1,1,3,-2%), (96)

where n = 1,2, 3, ... Inserting this formula into (94) and using the closed
form expression”

1
F(1,1,3,—2%) = —(1+2*)?sin "' (i2) (97)
iz
one finds
F(l 2k, k+1 1+iz>:ﬁ <n+%)(1+z2)_"_1/2 1+2s1n '(i2)
) Y 9 2 (n+1)
Dn+d) ST+l-m).
1 (98
MNCE 1F(n+%—m)m( T (98)

—fZ ”“ z<1+z2>‘m, (99)
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n=1,2,3,... The first few solutions are as follows; for x = %:
I(z) = =2(1 + 22)73/2 {sinhl(z) — %} —22(14 247, (100)
for k = g:
2—=5/2 | i —1 i 4 2\—1 2\—2
I(z) = —2(1+2%) sinh™(2) — 5 —§Z(1+z )T —2z(1+2%)7%, (101)
and for k = I:

2

I(2) = =2(1+2%) 7" {sinhl(z) _ %Z}

16 4

— 1—52(1 + 227 — gz(1 +22)72 = 22(1 4 2%) 7% (102)
Multiplying equation (99) by the leading coefficient in equation (34), the
plasma dispersion function is given by

1 Tty [GKTh+1-m) 2\—m
Z(&) = (n+%)1/2 T'(n) {mz::l F(n+%_m)2(1+z )
— i 22)7" 12 |sinh (2 —W—i
S s ) - b, oy

where z = £/y/k and n = 1,2,3,... A more explicit form is obtained by
making the substitution given by equation (92). Similar expressions were
first obtained by Summers and Thorne!? using different methods.

10 Solutions for Integer Values: kK = n

If Kk = n is a positive integer, a closed form solution can be derived using
the identity (61) to obtain a hypergeometric series which terminates; how-
ever, this solution lacks mathematical symmetry. It is preferable to proceed
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as follows. The hypergeometric series (53) can be written

Il+m)P2n+m) T(h+1)
(1) ['(2n) T'(n+4+1+m)m!

Tn+1) <~ I'2n+m) ,,
= T T ritm) (105)

o0

F(1,2n,n+1,t) =)

m=0

(104)

=

I'(n+1) i ?((m +n) - (106)

Splitting the sum into two parts

F(1,2n,n+ 1,t) = Tl +1) {i th—n _ nz_:l F<m+n)tm—n}

| |
['(2n) « ml —~ ml
(107)
the first part can be summed by the binomial theorem
= T(m+a) 2™
———=(1—-2)" 0,—1,—-2,... 108
T’;) F(O{) m! ( Z) Y « # ) ) ) ) ( )
to obtain
T(n+1) —

F(1,2n,n+1,t) = T2 {F(n)t_"(l—t)‘”—

3
Il

Substituting ¢t = (1 +iz)/2 this yields

F<1,2n,n—|— 1 1 ‘;ZZ) _ F(n;(zlgf(n) {(1 _ZZQ)—n

n—1 .\ m—n
=S Fé%::) (1222) } (110)
m=0
Using the duplication formula (B6) found in Appendix B to evaluate the
coefficient on the right hand side, one obtains

1+iz> _ 27T1/2F(n +1)

F<1,2 n+1,
n,n Tt
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Comparing this equation term by term with the symmetry relation [see equa-
tion (69)]

14122

1—i T(k+1
F(l,?m,/ﬁ—i—l, >+F(1,2l€,/€+1, ZZ) :2\/E(/{—+1)(1+z2)_“
2 (K,-i- 5)

it follows that

F<1,2n,n+1,1_iz> o 1/21“(n+1 i" 1Fm+n) (1+z’z>m—n
I'(n 4n £~ T'(n)m! 2
(113)
or, equivalently,
1+iz ml/2 n_lFm+n 1—iz\™"
F<1,2n,n+1, 5 ):22%1- P ( 5 ) .
(114)

Substituting this into equation (56) yields

](Z):%Sf(njtz—l) (1—22z>m" (115)

m=0

n = 1,2,3,... This same result is obtained by using the theory of residues
to evaluate the integral (35) along a large semicircle in the lower half plane.?
Because (115) is a rational function of z, it immediately gives the analytic
continuation of I(z) throughout the complex plane.

Using equation (110) to rewrite (113) in the form

. n—1 . m—n
1+iz n—i—l Fm—i—n 1—1z
F<1,2, 1, ): a1
nnt, L WY et (50)

it follows from equation (57) that the plasma dispersion function is given by

n—1

Zn(€) = zmﬂ;; i L) (1 ;iz)m_n, (117)

m:O

where z =¢/y/nand n=1,2,3...
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11 Equivalent Integral Representations

Consider the integral defined for Im(z) > 0 by

> 1 1
I(z) = /OO 05 (w=7) dx (118)

and by analytic continuation for Im(z) < 0. By means of some elementary
changes of variables, one may derive the following equivalent representations:

* 1 z
I(z) = /Oo A5 2F (2= 2 dz, (119)

o 1 1
Itz) = /Oo (cosh )21 [sinh(z) — 2] 4, (120)

da, (121)

1= [ (wshi)zn: fenEE
o= [ (1 ix) s e

[ o Zcoshx
1() = - / (21 )R (L - 220 dt, (124)
0
Thus, by equation (55), all of these integrals are equal to
. ~T(k+1/2) 1412
I(z) = ——2F (1,2 1 . 12
@) =iva M (Lo 125 (125)

In addition, I(z) can be represented as a Laplace transform. If z = is
and Re(s) > 0, then one has the identity

1 ' °
= = / e=(+i)t gy (126)
0

T —z s +1ix

Substituting this into (118) and changing the order of integration yields

I(is) = i /0 T retdt, (127)

where

f(t) =2 /Ooo (Cosﬂ dz. (128)

1+ 22)~
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Using the well known integral representation of the modified Bessel function
of the second kind:

L(v+1/2)2" [ cos(xt)
Kolt) =~ /0 T >0 (129)

it follows that

Kk—1/2
£(8) = §<—\g (%) Ko1pt), >0, (130)
This establishes the identity

I(z =1is) =iZ[f(t)], Re(s) > 0, (131)

where f(t) is defined by the previous equation and .& is the Laplace transform
operator.

12 Conclusions

Starting with the definition of the plasma dispersion function in terms
of the integral (35), a second order differential equation is derived that im-
mediately allows the dispersion function to be expressed in terms of Gauss’
hypergeometric function. Using the well known properties of the hypergeo-
metric function, the many properties of the plasma dispersion function are
then derived in a unified manner. A summary of the results is provided in
Section 2.

Appendix A: Evaluation of the Integral I

By definition

, o 1 1
]0:]<Z:Z):/oo(1+x2)”.(:U—i)dx' (A1)

Multiplying the integrand by (x + ¢)/(z + i), this becomes

Y 1
10:21/0 <—dx (A2)

1 _'_x2>li+1 ?
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2

and with the change of variable ¢ = £ one obtains

0 t_1/2
10:1/ T e (A3)
0

L)t

The remaining integral is the Beta function

B(p’q>:/0°°( =1 dt:F(p)F(q)’ (A4)

14 t)pta I'(p+q)

with p = 1/2 and ¢ = k + 1/2. Therefore, it follows that

T(k+1/2)

Iy =ivm T(k+1)

The calculation of I'(z = @) is similar.

Appendix B: Alternative Derivation of the Ex-
z| >1

The purpose of this appendix is to give an independent derivation of the
expansion (83) for |z| > 1. The starting point is the representation of that
function as a Laplace transform. Using the definition

E[—V(x) B [V($>

2 sin(7v)

pansion for

K, (z) = : (B1)

together with the series expansion for the modified Bessel function I, (z), one
obtains

() 5= s | S e (3)

a Z I'(n+ i + 1)n! <g)2n+2y} . (B2)

n=0
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where z > 0 and v > 0 is not an integer. By a well known theorem,!! the
Laplace transform of this function has the asymptotic expansion

g{ (%> V Ky(t)} QSm(m/) {i {752—71;:3)1) nl;n Sziﬂ

o0

Zr2n+2y+1) 1 1 } (B3)

n + v+ ) n!22n+2u 82n+21/+1
n=0

where s — oo along any ray €% with 0] < 7/2. In fact, the following analysis
shows that this series converges in the right half-plane whenever |s| > 1 and,
therefore, equality holds throughout this region. However, this fact is not
needed now. Setting v = k —1/2, then from the relations (131) and (56) one
obtains

1—3) 1 I(

F(1,2/<;,/<;—|—1, 5

+
_|_
K i r2n+1) 1 1
= F(n—m—i—%)n!QQns?”“

I'(2n + 2/<; 1 1
N Z (n+ K + 3) nl22n+2r=1 g2n+2n } » (BY)

where s — oo along any ray ¢ with |0] < 7/2. It will now be shown that
this agrees with the expansion (83), that is:

1 —
F<1,2/£,/@—|—1, 5 8) =

L(s+1) jtan(mk)sgn|Re(is)]| (—s?) ¢ - — N
VAR [+ itantrsealhe(i)]) () (1- 5 )

PSS PRV SRR
(k—3)s 2k \s? (

The even and odd power terms are compared separately. First the even
terms. Using the duplication formula

Nl
|
EEINIE
S—
—~
NN
|
&
VR
C/awl —_
~~
no
+
—
os)
&

['(2z2) = 71222710 ()T (z + %) (B6)
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and the binomial theorem, the even terms in (B4) can be summed as follows

(e}

™ K Z 1 F(2TL + 2/@) 1
sin[(k — 3)7] D(k + 3) nIT(n + K + §) 220+2n—1g2n+2n

2 n=0

vr o kL(k) f:l“(n—l—/-i) 1

- cos(wm) ['(k + 1) = D(rk)nl snt2e

Jr Kr(n))s_% <1_l)ﬁ, (B7)

- cos(wm) T'(k + 3

This will now be compared with the even terms in (B5):

I'(k+

1) : : 2\—kK 1 -
ﬁﬂm—+%) [1+ i tan(mr)sgn[Re(is)]] (—s?) <1 — —) : (B8)

52

It is easy to show that

(=)™ [ et if 0 <arg(s) < 7w/2 (B9)
s—2% e~ ik if —7T/2 < arg(s) <0,
therefore,
—2K
Coss(mr) - [1 + itan(ﬂ%)sgn[Re(iS)H (—=s%)7", (B10)

which establishes the equality of (B7) and (B8), that is, for the even power
terms in (B4) and (B5). Similarly, using the duplication formula (B6) the
odd terms in (B4) are easily shown to be equal to the odd terms in (B5).
This gives an independent proof of (83) in the upper half plane which, by
means of the symmetry relations, extends to the whole plane.

References

1. D. Summers and R. M. Thorne, “The modified plasma dispersion func-
tion,” Phys. Fluids B 3, 1835-1847, 1991.

2. Y. F. Chateau and N. Meyer-Vernet, “Electrostatic Noise in Non-
Maxwellian Plasmas: Generic Properties and Kappa Distributions,”
J. Geophys. Res. 96A, 5825-5836, 1991.



J.J. Podesta—Plasma Dispersion Function for the Kappa Distribution 26

3. R. L. Mace and M. A. Hellberg, “A dispersion function for plasmas
containing superthermal particles,” Phys. Plasmas 2, 2098-2109, 1995.

4. N. A. Krall and A. W. Trivelpiece, Principles of Plasma Physics, San
Francisco Press, 1973, Chapter 8.

5. D. G. Swanson, Plasma Waves, Academic Press, 1989, page 129.

6. B. D. Fried and S. D. Conte, The Plasma Dispersion Function, Aca-
demic Press, 1961.

7. M. Abramowitz and 1. A. Stegun, eds., Handbook of Mathematical
Functions, 10th printing, 1972, Chapter 15.

8. H. Bateman and A. Erdélyi, Higher Transcendental Functions, McGraw-
Hill, 1953, Vol I, page 65, equation 28.

9. G. E. Andrews, R. Askey, and R. Joy, Special Functions, Cambridge
University Press, 1999, page 128, equation 3.1.12.

10. D. Summers, R. M. Thorne and H. Matsumoto, “Evaluation of the
modified plasma dispersion function for half-integral indices,” Phys.
Plasmas 3, 2496-2501, 1996.

11. G. Doetsch, Introduction to the Theory and Application of the Laplace
Transformation, Springer-Verlag, 1974, page 228.

Author’s Note

This work was performed in the year 2000 during my tenure as a Ph.D.
student at the Courant Institute of Mathematical Sciences, New York Uni-
versity.



Form Approved
REPORT DOCUMENTATION PAGE OMB No. 0704-0188

The public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing
data sources, gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or
any other aspect of this collection of information, including suggestions for reducing this burden, to Department of Defense, Washington Headquarters Services, Directorate
for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302. Respondents should be aware that
notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection of information if it does not display a currently
valid OMB control number.

PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) 2. REPORT TYPE 3. DATES COVERED (From - To)
25-10-2004 Technical Memorandum
4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER

Plasma Dispersion Function for the Kappa Distribution

5b. GRANT NUMBER

5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S) 5d. PROJECT NUMBER
John J. Podesta

5e. TASK NUMBER

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
REPORT NUMBER
Goddard Space Flight Center NASA/CR—2004-212770

Greenbelt, MD 20771

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSORING/MONITOR'S ACRONYM(S)

National Aeronautics and Space Administration

Washington, DC 20546-0001 11. SPONSORING/MONITORING
REPORT NUMBER

2005-00224-0

12. DISTRIBUTION/AVAILABILITY STATEMENT

Unclassified-Unlimited, Subject Category: 75, 88, 67
Report available from the NASA Center for Aerospace Information,7121 Standard Drive, Hanover, MD 21076. (301)621

13. SUPPLEMENTARY NOTES

Courant Institute of Mathematical Sciences, New York University, NY

14. ABSTRACT

The plasma dispersion function is computed for a homogeneous isotropic plasma in which the particle velocities are dist
according to a kappa distribution. An ordinary differential equation is derived for the plasma dispersion function and it is :
that the solution can be written in terms of Gauss’ hypergeometric function. Using the extensive theory of the hypergeon
function, various mathematical properties of the plasma dispersion function are derived including symmetry relations, se
expansions, integral representations, and closed form expressions for integer and half-integer values of kappa.

15. SUBJECT TERMS
plasma dispersion function, kappa distribution, hypergeometric function

16. SECURITY CLASSIFICATION OF: 17. LIMITATION OF __ |18. NUMBER |19b. NAME OF RESPONSIBLE PERSON
ABSTRACT OF John J. Pod
a. REPORT |b. ABSTRACT | c. THIS PAGE PAGES ohn J. Podesta

19b. TELEPHONE NUMBER (Include area code)
26

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std. 239-18



	REPORT DATE (DD-MM-YYYY): 25-10-2004
	REPORT TYPE: Technical Memorandum
	DATES COVERED (From - To):    
	TITLE AND SUBTITLE: Plasma Dispersion Function for the Kappa Distribution
	5a: 
	 CONTRACT NUMBER: 

	5b: 
	 GRANT NUMBER: 

	5c: 
	 PROGRAM ELEMENT NUMBER: 

	5d: 
	 PROJECT NUMBER: 

	5e: 
	 TASK NUMBER: 

	5f: 
	 WORK UNIT NUMBER: 

	AUTHOR: John J. Podesta
	PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES): 
Goddard Space Flight Center
Greenbelt, MD  20771
	PERFORMING ORGANIZATION:   NASA/CR—2004–212770

	SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES): 
National Aeronautics and Space Administration
Washington, DC  20546-0001
	SPONSORING/MONITOR'S ACRONYM:  
	SPONSORING/MONITORING: 2005-00224-0
	DISTRIBUTION/AVAILABILITY STATEMENT: Unclassified-Unlimited,  Subject Category: 75, 88, 67
Report available from the NASA Center for Aerospace Information,7121 Standard Drive, Hanover, MD  21076. (301)621-0390
	SUPPLEMENTARY NOTES: Courant Institute of Mathematical Sciences, New York University, NY
	ABSTRACT: The plasma dispersion function is computed for a homogeneous isotropic plasma in which the particle velocities are distributed according to a kappa distribution. An ordinary differential equation is derived for the plasma dispersion function and it is shown that the solution can be written in terms of Gauss’ hypergeometric function. Using the extensive theory of the hypergeometric function, various mathematical properties of the plasma dispersion function are derived including symmetry relations, series expansions, integral representations, and closed form expressions for integer and half-integer values of kappa.
	SUBJECT TERMS: plasma dispersion function, kappa distribution, hypergeometric function
	SECURITY CLASSIFICATION OF REPORT: 
	SECURITY CLASSIFICATION OF: ABSTRACT: 
	SECURITY CLASSIFICATION OF: THIS PAGE: 
	LIMITATION OF ABSTRACT: 
	NUMBER OF PAGES: 26
	NAME OF RESPONSIBLE PERSON:   John J. Podesta
	TELEPHONE NUMBER (Include area code): 


